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Introduction

T.Noiri.[1] introduce the concept of new (a-continuousfunction), according to
the source we got'" On —continuous function". And when we return to the basic concepts,
we studied with Y.Yousif, R. Mejed. [3]. And introduce semi-open by N. Levine,[4] "Semi-
open sets and semi-continuity in Topological space', also N. Levine, [S] "Generalized
Closed Sets in Topology Rend.". so we have an important concept to contest the results
with the previous concepts O. Njastad, [6] '"On Some Classes of Nearly Open Sets"
we studied some characteristics of these functions by using definitions Also, we introduce
using practical examples of mathematical formulas and considering them as a direct
application to the validity of the observations. We also, study the relationship between
these concepts that we referred to at the beginning of the researl. The basic concepts

Definition 1.1. [4]

A topological space (X,t),and M < X be named semi-open set. exists open set 0, then
OcMccClo.

Theorem 1.2.[4]
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A topological space (X,7), M € X, and M be semi-open set if and only if M c Cl Int M.
Proof :

If M is a semi-open set, and O is open set.

By defined 0 c M c ClO .

Then Int M c M.HenceO cIntM c M c Cl O,

ThusClO cClIntM c CIM c ClO, "(clclo=clLo)"

SoM c Cl 0. Therefore M c Cl Int M.

On the other hand, M is a semi-open set. Hence M c Cl Int M.

ThenInt M c M.So Int M ¢ M < Cl IntM.

Therefore M it is semi-open set.

Example 1.3.

If X ={4,1,8},T = {0,{4},{1},{4,1}, X}, a topology defined on X.
Thus {4,8},{8,1} are semi-open.

However {4,8} n {8,1} = {8}, it is not semi-open set.

Definition 1.4. [5]
a topological space (X, ), too M € X, be called semi-closed set, then a closed set C such
that

IntCc M c (.

Theorem 1.5. [5]

a topological space (X, ), then M € X, M be semi-closed set, iff Int CIM c M.
Proof :

If M is asemi-closed set. Thus MCis semi-open set.

So, Mt c Cl Int M. Then Int CLM c M.

Conversely. so M is semi-closed set. Therefore Int CIM < M.

Wherefore M c Cl M. Hence, Int CIM c M c Cl M and Cl M is closed set.

As aresult, M is semi-closed set

Corollary 1.6. [4]

The intersection of two semi-closed sets is semi-closed set in any topological space.
Proof :

Let N and F two semi-closed sets in (X, 1) be atopological space. then by definition
semi-closed we get Int CIN € N, and Int CL F, therefore Int CIN nInt CILF S N N
F,but IntCLN NnInt ClF =

Int (CIN 0 CLF), then Int(CLN N CLF) € N n Fand

Int(CI(NNF) S Int(CLNNCLF),s0CI(NNE) S CINNCLF

Thus Int (CLNNF)) S NNF,

And from it, we find that N N F is semi-closed set
Example 1.7.

Let X ={0,1,2,3}, 7 = {0, {0},{1},{0,1}, X},

For a topology defined on X. let M = {0},

hence Int {0,2,3} = {0} c {0} c {0,2,3}. thus M is semi-closed set.

Definition. 1.8. [6]

Let (X,T) topological space. And M € X, M is called a-open set,

If M c Int ClInt M . and we symbolize the family of a-open sets with the symbol
a 0 (X).
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Theorem 1.9. [7]

A topological space (X,T),and M c X, be a-open set iff. There exists an open set N,
therefore N € M c Int CL N.

Proof :

If M c Int ClInt M .obviously Int M c M.

So IntM c M c Int ClInt M.

Then Int M isanopenset. If Int M = N. (N is open set)

But, M be an a-open set then an open N.

since Nc M c IntN. Therefore Nc Int M c M c IntN.
Hence Int CIN c IntClIntM c IntCIM c Int ClInt CLN.
Then M < Int CIN < Int ClInt M,

Thus M c Int Cl Int M.

Lemma 1.10. [8]

A topological space (X,7),if M isopen, M € X. And N is open set,

Thus M N N is a-open.

Proof :

Hence M is a-open set, since H is open.

Then H c¢ M c Int Cl H, and the intersect them by the open set N,

Weget NNnH c NnM c NnintCLH,

Which implies(t NN H) c (NNnM) c Int CI(N nH,).

And (NN CLH < Cl (N n H)), take interior for both sides,

We have Int(NNClH) S Int Cl (N nH),

Such that IntN nInt ClH S Int CLN n Int Cl H,

however Int N = N.Thus NNInt CLH S Int CL(N N H).

Since the intersection of two open sets is open. the set M N N is a-open set.
Example 1.11.

If X ={1,23,4}, T, = {9,{1},{2},{1,2},{1,2,3}, X}, a topology define on X.
TS = {0,{1},{2},{1,2},{1,2,3},{1,2,4}, X}, let M = {1,2,4}, then M is a-open
But M & T,.

2 OnSemi(a a*,a™) Continuous Function

Definition 2.1.[1]
Given f : X — Y be a function, so f is called semi a -continuous, if and only if
each open set N of Y, then f~1(N) a semi a -open set of X.

Remark 2.2.[1]
Each a*-continuous is a-continuous, and semi a -continuous. Then the opposite is
not correct in general as in the following case. moreover, we have the following implication.

Example 2.3.

If X ={1,2,34}, T, ={0,{1},{2},{1,2},{1,2,3}, X},

TE =T,U{1,2,4}, andexpress f : X » X,also f (x;)=1,f (x2) = f (x3) =3, f(x,) = 4.
It is simply shown that f is a-continuous, then is not a*-continuous,

Hence f is a-continuous, on the other hand it is not a*-continuous.

Example 2.4.
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If X ={1,59}, T, = {®,{1},{5},{1,5}, X}, T¢ =T,,

semia 0 (X)=TZU{{59}{1,9}}, Letf: X > X, f(x1)=1,

f (x3) = f (x3) =5. Itis easily seen that f is semi a-continuous, but f is not
a*-continuous, thus {5} € T, however f~1({5}) = {5,9} ¢ T

Therefore f is semi a-continuous, then it is not a*-continuous.

Remark: 2.5. [2]
The ideas of a*-continuity and semi a*-continuity independent as the following
example shows.

Example 2.6.

let X = {1,2,3,4}, T, = {0,{1},{2},{1,2},{1,2,3}, X}, T¥ =T, U {{1,2,4}}.
semia 0(X) = T U {{2,3,4},{1,3,4},{2,3},{2,4}, {1,4}, {1,3}}. If Y =

{579}, T, ={0,{5},{7},{57}Y}, T =T,,semia O(Y) =T} U
{{7,93,{5,9}}, defineto f: X = Y. By f(x1) = f(xs) =7, f(x3) =

9, f(x;) =5.50f is semi a*-continuous. But itis not a*-continuous,
Because {7} € T%, however f~1{7} = {1,4} €Then f is semi a* - continuous.
Then it is not a* — continuous.

Example 2.7.

Let X ={1,234}, T,=1{9,{1},{2},{1,2}{1,2,3}, X}.

TS =T, U{1,2,4},

Define Identity function.

Thus £ (x1)=f (x2) =2, f(x3)=4, f(xs)=3.

semi a O(X)= T U {{2,3,4},{1,3,4},{2,3},{2,4}, {1,4}, {1,3}}.

Since f is a*-continuous. But it is not semi a*-continuous, because
{1,3} € semi a 0(X). However f~1{1,3} = {4} ¢ semi a 0(X).

As aresult, f is a*-continuous, then f is not semi a*-continuous.

Definition: 2. 8. [1]

suppose f: X = Y, then f istermed semi a*-continuous If and only if each N semi « -
openset of Y. Thus f~1(N) be a semi a-open set of X.

Proposition: 2.9.[1]

If f: X - Y is a*-continuous, open and bijective then f is semi a*-continuous.

Proof :

If f:X - Y be a*-continuous, open and bijective.

Let A asemi a-open set of Y. and there containing « -open set,say Nthen N € A €
CIN.So f~Y(N) € f~1(4) € f~1CUN) = CL(f~*(N)) [as f is open ]. However
f~Y(N) € TS, [as fis a*-

continuous].Therefore f~1 (N) € f~1(4) € ClL(f~1 (N))

Thus f~1A) € semi a 0(X), sO f is semi a*-continuous.

Remark: 2.10.

Letf:X —>Yand g:Y — Z are two functions, thus f as well g exist a-
continuous, Thus fog: X — Z, we don't need to prove a-continuous as the example
shows.

Example 2.11.

If X = {4,5,6,7}, T, = {0, {6}, {4,6},{4,5,6},X},

T& =T, u{{56},{6,7},{56,7},{4,6,73}},
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AndY ={0,1,2}, T, = {0,{2}, Y}, T¥ =T, u{{0,2},{1,2}},
Define f:X > Y, f(x1)=f (x2) =0, f (x3) = f (x4) = L.

Also g:Y = Z, g (y1) =g (y3) =6, g (v2) = 4.

Then f and g are a-continuous, but gof: X — X,

Where gof (x;) = gof (x;) = 6, gof(x3) = gof (x4) = 4.

Then gof is not a-continuous, since {6} be an open set of X. but (gof) {6} = {4,5} be
not a-open set of X. Therefore gof is not a-continuous.

Definition. 2.12. [1]
If f:X — Y beafunction, then f be called semi a* *-continuous, iff for each N semi « -
open set in'Y, then f~1(N) be open set in X.

Theorem 2.13.
A function f: X — Y, then the following statements are equivalent,

)i fissemi a**-continuous.

1)) f is semi a™-continuous at each point x € X,
Proof :
(D- N

If f:X = Y isasemi a™-continuous.

And x € X, M be open set of Y containing f (x).

Then x € f~1(M). Also, f is semi a**-continuous,

So N = f~1(M) is semi a-open set in X containing x.

Therefore f(N) c M.

(1—()

If f: X = Y is semi a™*-continuous for all points in X.

And M open setinY, letx € f~1(M),

Since M is open set in Y containing f(x),

By (1), at hand is semi a-open set N of X containing x.

Then f(x) € f(N) € M, therefore N < f~1(M),

Hence f~1(M) =u {N;x € f~1(M)}, Thus f~1(M) is semi a-open.
Example 2.14.

Given X ={3,57}, T, ={0,{3},{5},{3,5},X}, T® = T, semia O (X)= T& U
{{373{57}},

If fis identity-function.

Via f (x1) =5, f (x2) =f (x3) =3,

So f is semi a-continuous , then f is not a*-continuous

Since {5} € 7%, and f~! ({5}) = {3} € TS,

Therefore f is semi a* *-continuous, however, f isnot a*-continuous.

Lemma: 2.15.

If f: X > Yisan continuous and open ,so f "1(N) € a 0(X), Forevery N € a O (Y).
Proof:

Given N € a 0 (Y),thus N < Int Cl Int (N), and f is continuous,

We have f~1 (N)S f~l(Int ClInt N)S Int f~(ClInt N),

Also by fopen, f~X(ClInt N) € CLf~* (Int N), [ by if f:x - Y is an open

Then f~1(ClA)Y<c Clf~*A,usedforanyACY .

And since f is continuous ,hence f~* (Int N) S Int f~I N .
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Asaresult f~1(N) € Int ClLInt f~1(N), Thus, f"1 N € a 0 (X). and the ease of finding
it.

3 On aHomomorphism Function

Definition 3.1. [3]
If f: (X,7,) = (Y,7,) isafunction, f is named homeomorphism if the injective,
surjective, continuous and £~ continuous.

Remark 3.2.

Clear that all homeomorphism function is always continuous. Then the opposite is not true
as the example shows.

Example 3.3.

If f:(R,t,) = (R1);f(x) =x,Identity function, for each x € X.

The function f is one-one, onto, continuous, but f~1! is not continuous.

So f is not homeomorphism.

Theorem 3.4. [3]
I- The bijective function f: (X,t,) - (Y,7,) is homeomorphism iff CL (f~*M) =
FUCIM), st. M CY.
I- The bijective function f:(X,7,) — (Y,7,) is homeomorphism iff f~'(Int M) =
Int(f~M), suchthat M Y.

Proof :

(1)
Assume that CL (f M) = f~1(CIM), to show f is homeomorphism,

Since f is bijective, we must to prove f is continuous and f~1 is continuous. Thus
CI(fIM) = f~H(CL M),

Then CI(f~1 M) € f~1(CL M), so f is continuous.
And f~1(CIM) € CI(f~1M), hence f~lis continuous. similarly

(by f is continuous iff f(CLM) < Cl(f M), M < X), therefore f is continuous.
Conversely: assume that f is homeomorphism, to prove Cl (f~1(M)) =
f~1 (Cl M), since f is homeomorphism, then f, f~1 are continuous ,

Thus CL(f~* M) € f~1(Cl M) aswell as f~1(CLM) € CI(f~* M)

Asaresultas CL (f~IM) = f~1 (CI M).

(nm):

assume that f~*(Int M) = Int(f~1 M), to show f homeomorphism.

Since f is bijective, we need to verify fis continuous and f~is continuous.

So f~1 (IntM) = Int(f M) then f~1(IntM) C Int(f ~1M), thus f is
continuous, by [f is continuous iff f~1(IntM) € Int (f 1M),M C Y]

And similarly f~1 is continuous, as result f is homeomorphism.

Conversely: assume that f is homeomorphism, show f~1(IntM) = Int(f M), so
fand f~tare continuous, then f~1(IntM) = Int(f M) .

Definition 3.5.[3]

Akkad Journal of Multidisciplinary Studies, Vol. 2, No. 2, 2022



37
Nassir Ali Zubain, Ali Khalaf Hussain ISSN 2790-2528
ON SOME: (alpha,alpha star,alpha star star) continuous function

if known as two topological spaces (X, t,), (Y, 1)) are homeomorphic if there occurs
a homeomorphism function from (X,7,) - (Y, t,) and symbolized by(X, z,) =

(Y, Ty) or (Y, 7y) = (X, 7y).
This means: (X, 7,) = (Y, 1,) iff occurs homeomorphism function f: (X, t,) —

(v, Ty)'

Remark 3.6.

The relative = is the same relative on the family of topological space.
We must the relative = is reflexive, symmetric and transitive.
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