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Introduction

One of a topology's most important and fascinating concepts is the idea of feebly separation
characteristics. In 1963, N.levin[1] proposed the concept of a semi-open set. S.N Maheshwari
and R. Prasad[2], used a semi-open set to characterize and investigate novel divisions known
as semi-detachment aphorisms. Maheshwari S. N and Tapiu[3] initiated the study of feebly
open in 1978. In 2019[4], Ail Khalaf Hussain Al-Hachami presented the idea of some feeble
separation properties, it is demonstrated that every feebly-, is semi-r, and every feebly-r, , is
feeble-7,. Aaad Aziz Hussan Abdullain [5] presented the idea of a semi-feebly open (if-open)
set. In 2021, Ail.Al Kazaragy, Faik. Mayah and Ail Khala Hussain Al-Hachami [6]. introduced
defined semi-¢ -axioms. Zainab Awad Kadhum and Ail Khala Hussain[7] defied i 5, —closed
set in topological spaces, it is demonstrated that each ii-75,, space is ii-1,,, space “The goal of
this study is to provide some characterizations of some feebly open properties”.

1. Preliminaries

Definition 1.1: [1]

Let (X, t) be a topological space. A subset A of X is called to be semi-open
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(s-open) set if there exists an open set U such that U ¢ A c U. Or equivalent[1], A4 is called s-

openin X & A c (A%).

Definition 1.2: [8]

Let (X, t) be a topological space. A subset A of X is called to be semi-closed

(s-closed) set if there exists a closed set U such that U° € A c U. Or equivalent[9], A is

called s-closed in X < (4)° < A.

Definition 1.3:[10].

If B is a subset (X, 1), then semi-closure of B, denoted by B is the
the intersection of all semi-closed subsets of X containing B and semi-interior
of B, denoted by B°S is the union of all semi-open subsets of X containing B.

Proposition 1.4:[11]

Let (X, 7 ) be a topological space. If A € X then4 = AU (Z)O.

Note 1.5:[11]

If B; and B, are semi-open in a topological space (X, t) then B, N B,

is not necessarily a semi-open set.

To see this, consider the following counter-example:

Example 1.6:

Let X ={1, 2, 3,4}, t={0, {3}, {2}, {2, 3}, {1, 2, 3}, X} be atopology
defined on X. Let B; = {2, 4} and B, = {1, 3, 4} are semi-open set.

But {2, 4} n {1, 3, 4} = {4} is not semi-open set.

Theorem 1.7:[1]

Let X, Y be topological spaces and X x Y be the product topology. If A is

f-opensetin X and B is f-open setinY,then A X B isf-opensetin X X Y.
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Definition 1.8:[12]

A subset B of a topological space (X, ) is called an a-open set
it B c ((8°))°.

Definition 1.9:[12]

A subset B of a topological space (X, ) is called an a-closed set

If (B)°) c B.
2. The Main Results

Definition 2.1:[13]
A subset A of a topological space(X, t ) is called feebly open (f —

—S
open) set if there exists an open set O suchthat 0 € A< 0 .

Theorem 2.2:

S

Let (X, 1) be a topological space then A is called an f-open set if and only if A S (A4°)

Proof.
—s
Let A is f-open set , we must proof A € (A°) .

Since A is an f-open set, then there is an open set O such that 0 € A © 5S[Definition
(2.1)].
Since A° € A, consequently 0 € A° € A C 0.

S

Hence 0" € (A°) €A C (55) =0

S

Sinced € 0'and 0" < (4°) implies4 S (4°)

To prove the other direction

LetAC (AO)S, we must prove A to be an f-open.

Since A° € A, implies A° € A < (AO)S [Definition(2.1)].
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Then A is f-open.

Proposition 2.3:

Every open setis f-open set.
Proof.

Let A be open set then A = A°.

SinceA CA ,then A C ms

observe that A is an f-open set.

Remark 2.4:

The converse of [Proposition (2.3)] is not necessarily true as shown by
The following example.

Example 2.5:

Let X ={1, 2, 3}, t = {X, @, {1}}be a topology defined on X.

Let A = {1, 2}, then A is f-open set
Since ms =X and {1} < {1,2} c X.
Hence A is an f-open set but not an open set.

Proposition 2.6:

If A is the f-open set and B is the f-open set, then A N B is not necessarily the f-open set.
As shown by the following example.

Example 2.7:

Let X ={1, 2, 3, 4,5}, ©={X, {1}.{4}.{1,4}.{3.4}.{1,3,4},{1,2,4,5}, @ }be

a topology defined on X.

s-open sets ={0, X, {1}, {4}, {1, 4}, {3, 4}, {1, 3, 4}, {1, 2,4, 5}, {1, 2},
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{1,3}, {1, 2,3}, {2,3, 4}, {3, 4,5}, {1, 2, 3, 4},{1, 2, 4, 5}.{1,3,4,5},
{2,3,4,5} {1, 4}.{1 .2, 4}, {1, 3, 4} {1, 4, 3}

s-closed sets = {0, X, {2, 3, 4, 5}.{1,2, 3, 5}.{3, 4, 5}, {2, 3, 4}.{1, 2, 3}
{3, 4}, {2, 5}, {1, 5} {1,2}.{5} {2} {3} {1} {2,3,5}.{3,5} {2,3}.

f-open sets = {0 , X, {1}, {4}, {1, 4}.{3, 4}, {1, 2, 4}.{1 3, 4} {1,2,3.4},
{1,3, 4,5} {1, 2,3, 5}.

Itis clear {1, 3, 4, 5}, and {1, 2 ,3, 5} is f-open set but

{1,3,4,5}n {1,2,3,5} = {1, 3, 5} is not f-open set.

Proposition 2.8:

Each f-open set is a semi-open set.

Proof.

Let A be an f-open set, then there exists an open set such that
UcAcU [Definition (2.1)].

Since U’ c U impliesUcC AU U

ThenUC AcU

Thus A is a semi-open set.

Remark 2.9:

The converse of [Proposition (2.8)] is not necessarily true as shown by

The following example.

Example 2.10:

Let X ={1,2,3}, t ={X, 0, {1}, {3}, {1, 3}} be a topology defined on X.

s-open sets = {X, @, {1}, {3}, {1, 3}, {1, 2}, {2, 3}}.
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s-closed sets = {X, @, {2, 3}, {1, 2}, {2}, {1}, {3}}.
f-open sets = {X, @, {1}, {3}, {1, 3}}.
Itis clear {1, 2} is semi-open but f-open set.

Theorem 2.11:[13]

Let (X, t) be a topological space, then A is an f-open set if and only if
A€t
Proof.
If A is an f-open set, then there exists an open set U such that
—s
UCACU.
—S —\ 0 —\ 0 .. —\ 0
Wehave U =U U (U) = (U) [Proposition (1.4)]. ThenU c A < (U) .
—\0 -
Since ((AO)) =(0)’.
Then4 < (%)’
Thus A is a-open set.

To prove the other direction

o

IfAet* wehave A € ((AO))

(]
Since A° € A, consequently A° € A ((AO)) , 50 if A°=U,

Then U < 4, Since U’ < U [Proposition (1.4)].

Hence UCACT
Thus A is an f-open set.

Definition 2.12:[13]

A subset A of a topological space (X, t) is called f-closed if the complement is
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f-open set.

Lemma 2.13:[14]

A subset A of a topological space (X, t). then
(A°) = uoyee.

Theorem 2.14:

Let (X, t) be a topological space .then A is f-closed if and only if
(@) c A

Proof.

Let A iis f-closed, we must proof that (4)” < A.

Since A is f-closed, then A€ is f-open.

Therefore, A€ C ((AC)O)S[Theorem (2.2)].
S— L 4}
Then (((49°) ) < 4
Thus (Z)OS c A [Lemma (2.13)].
Conversely, let (Z)OS c A, we must proof A is f-closed.
Then A€ ((Z)OS)C implies A° € ((A9)°) [Lemma (2.13)].
Then A€ is f-open set [Theorem (2.2)].
Thus A is f-closed.

Proposition 2.15:

If A is a closed set then 4 is an f-closed set.

Proof.

Let A is closed set then A = A.

Akkad Journal of Multidisciplinary Studies, Vol. 2, No. 1, 2022



8
Jassim Shuwaie, Ali khalaf Hussain ISSN 2790-2528
ON FEEBLY OPEN SET AND ITS PROPERTIES

Since 4% < A then ()" € A.

Hence A is f-closed.

Remark 2.16:

The converse of [Proposition (2.15)] is not necessarily true as shown by
the following example.

Example 2.17:

Let X ={1, 2,3}, t={ X, @, {1}} be a topology defined on X.
Let A = {3}.
Itis clear 4 is an f-closed set but not a closed set.

Corollary 2.18:

If A, is a family of f-closed sets, then N A is an f-closed set.

Corollary 2.19:

If A is an f-open set and B is an f-closed set, then A U B is not necessarily f-open
set. As shown by the following example

Example 2.20:

In example (1.3.10), A ={3} and B = {2, 5} are f-closed sets but
A U B ={2, 3, 5} is not f-closed set.

Proposition 2.21:

If Ais f-opensetand U opensetin X, then An U is f-openin X and U.

Proof.

We proofthat AN U < ((ANn U)O)S .

Since (AN U)°) = (A° nU°) < (A°) N (U°) .
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Then (AN U)°) = (4°) n (U°) .

LetxeAnUthenx € Aand x € U.

Since A is an f-open set then A < (AO)S [Theorem (2.2)].

Therefore, x € (AO)S. SinceU CU ,thenx €U .

Hence x € (AO)S nU .

ThenANnU € (AN T)°) .

Proposition 2.22:

If A'is an f-closed set then A is a semi-closed set.

Proof.

Let A is f-closed set then A€ is f-open set

Hence A€ is semi-open

Thus A is a semi-closed set.

Remark 2.23:

The converse of [Proposition (2.22)] is not necessarily true as

in example (2.10), A = {3} is semi-closed set but not f-closed set.

Definition 2.24:

—f
The letter A denotes the feeble closure of 4, which is the intersection of all

feebly closed sets containing A.

—f
Evidently, A = n{W < X; feebly closed: A € W}

Proposition 2.25:

Let X be a topological space and A, B < X, then
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—f
1. Aisan f-closed setifandonly if A=A .

—f —
2.A C A.

—f —f
4. 1fAc Bthend B .

Proof.

1- (=) Let A is a f-closed set. Since 4 € A.ThenZ c 4 (since A is the
smallest f-closed set containing A ), then A = Zf.

() LetA = A'. Then A isanf-closed set.as A =74 = A is an f-closed set.
2-Letx €A and A is an f-closed set, A= A > xeACA Thenx € 4,

—f
Therefore, A € A.

. —f. —f —f
3- Since A is f-closed set, then A = (A ) . by(2).

—f —f  —f
4-letAc Band B S B ,then A € B = B isan f-closed set containing A.

.= . —f _ —f
Since A is the smallest f-closed set containing A. Then A € B .

Conclusion

In this paper it was concluded that there is a relationship between a known open set and
a feebly open set there is also a relationship between a feebly open set and a semi-open set and
a relationship between a closed set and a feebly closed set.
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